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Exteti-yGreeñstho3D
- Stoke's the re- extends Green's curl - circulation

theorem to any surface R with batory ZR
:C :

É v.
←

→
I , I

i¥⇐
=
zR=C

=
zs=C

Green's ltmget:-D
1

Stakes
' Theorem

I

( txt)•kdA=§É.tt/JfCyxE)indo=foE.dr2R
1

S as

Green's -1hm Goal) ,;**ji÷ftp.FItxdy-fot?nts,JJJo.EdV=OR
D

'

Total diary"" =
0-+4 I

total jury, =
out -rdfkx

f-1--1
'

"

→i"

gyp
↳-try 1 inside 0--0--1

É

*÷.

: ☒¥¥÷¥1 !



16.7-a. Stokes and Divergence Theorems

Reminder : pay attention
to

"

type
"

of object .

• flay ,z) ← scalar function

• É layE) = GM ,
N
,
P ) ← vector field

Notation : 8 =L¥ , Ey , Iz>

•
Gradient :
Of =L¥ , Fyi÷> f- = ( ¥×i¥y , 3¥) ← vector field

• Divergence :

gg
← scalar f-d-in

t.VE = 7.É = 3-1 + 2¥ +
ZP

i j ri I
• Curt :

←
vector field

curl É =P ✗ É =/ ÷ ÷ ¥
M N P

--1¥ - E.)i - l÷÷)i+t÷÷ñ



Recall: Green's th- (Carl - circulation for-7

ffplrxt-Y.hdA-fE.d.AZ
, f-

U C

curl Éthis
µ "

.

AZ

← .
Good exorple : whirlpool

É= -yitxj , c-or

curl = 2K

Tfc -
rlñ

£.tt?ti--2Tt-a-i-a.mil ☐÷¥iEcircle Ccw c☒lÉ c.HU

what about other whirlpools? → µ
A

F- = - 2- jtyÑ it

a-
IÉ =/ ijñ¥ By %-) i. ÷÷¥÷ ./ 0 - e-

y
→

→

= 11 + 1) i

= Zi
Ita : carl É detects planar rotation

of

E- and places it in
moral vector to

plane d- astatic-



Now : take any surface S - ith bo-J.my 25=4
can break i-to tiny pieces which look

roughly line. - like little planes ! )
or g-

? Like Green's th-:

§¥d¥→→☒s
= Ffi.

c.
as s

o-i-t.fi. -
assist'"-

"b
"

3D Green's Thi
'

b-yriyhth
.
-8

rule on
oriented

c-
nice

of
detr-i.es

-stkeso- orient insists
:*

Let s be a piece -is smooth oriented
sarface

with a piece- ise s-→th boundary ( = 25 .

If F- is a vector field - ith continuous l
't derivatives

,

th-

§ E. di = f) 18×1--7 . ñdo
2s s curlÉ
G- 25



E
compute (7×5) . > Jr where

g. = half sphere -3 #
✗7-5+5=4 ÷¥:÷2-20

É= yi - xj
Ex

So
Option 1 : Doke surface integral !
option 2 : Stokes:

J§6xÉ) . -to =§c¥ .tt
a

calc.la/efLis!

Nlt)= 3.cost i + 3.sintj
0 It c- 2T

É( f) = -3s :-ti +3 tj
F- yi

-
+5

E. EYE)=( 3.sinti -3.costs) . f- 3sinti+3costj)

= - Tsin't - Toit

= -9

⇒ ffsca.FI?ndo=fgE.di--fiIiot
= - 181T



Surprise Option
3 :

S
,
= half sphere -3 fir

Sz = disc of rats
3

i.⇒ ÷*É¥- .
Ex

If 6×1=9 . into = §
,

E. ti
t5

, stokes

↳ = Ifs.co#J.n- to

=D 17×1=7 . pig # ←
si-asIn

xypke
Sa

☐ ✗É :( ¥1 - x) - jycy,)ñ ← For this pride

Tx É only
t-s.at

c-
-p.
-
it

.

How#er ,
= -2K

it p×É had -
o
-e

than
a
fi co

-poet ,

⇒ f) 10×1=7 . tiJA.ffl-aritkkth-sis.eu
credit

(☐ ✗
E) - Ñ

I

only
need

kco-p.net
52 O

ye,
→
wattis

""

it will
die .

=-21ftA
¥

= -213't) =-18



note fgE.si ,

E-
= -ji + xjt ziti

C = intersection d- plat y1-7=2

cylinder +4-5--1
gri.- t - d CCW fro- oboe

ytZ=2

.

§¥ I :D, the
line integral ( parametrize, -•it betatears-1.)

Not to Lord though

option 2 : stokes then- :

§ E. di://cnet.it r
c

s (×E=É⇒ie-

f-o choices

-1¥ :#¥151s
• - ¥¥¥s.

+1%1×1-3,15))ñS
,

Pepe-di-y on
tie vet ,- field ,

→re co-plicated s--f- 'es an
↳-l

-

=✗ +2g) £easier integrals



I ☒↳ well
,
level srfuce

gfx ,>F) = y+2--2=0

⇒ → = B-

10Gt
= ¥j + ÉÑ

Explicit surface :

Ifs ;HxÉ) - rider = ,
11+2g) E. (¥j+¥É)f+dA

tracing

=
+ ¥11 +2g) -Fifth

Hadji.si disc

21T (

= f
,

f
,

( 1+2 rsino) rdrdlt
⇐

←iii.
"

" ⇒ G-ix.
p=-i+5

= it ==¥% intrñ=ñ
⇒ ⇒5=0

.-

sidessa :
i.I

f) (p ✗E) into = If 11+2g)E. ride + JJ 11+2g)
Kido

sides
52 bott.-

= If 1k2g)ÉÑdA to
unit

disc

4-2g tidy= JS.it
disc

= Tl



1-6.8 D iv.gree Theon-

Recall : Green's th- ( flux - divergence form)

§ E. its = ff 8.É DA

ar REE

1¥ i "
flux on ban-ta-y detects

←, a-a-t.tso-u-cels.tk
inside"

*or
Dirge-ce 1- Lion- says

this item should workin3D as well !

Diveryencetheore :

Let É a vector field with continuous first derivatives

on S a piecewise smooth closed
surface enclosing D.

The out-art flux of É across 5 is

1$ E- to =D
, ?;¥
"

as

q¥

¥



E
Find the flux of É=×E +yjtzk
through sphere +75+5=2
Sols :

%.is?iiie-..* ÷÷ÉÉ¥¥*¥÷E-xityj

¥.

←÷É→

If
↳

Option 1 : Do these- face i.teg
. I

€"

Implicit : gfay ,-4=5+5*5 -5=0

⇒ ÷¥,=a÷¥÷÷ñ=×it÷+
t

sure
direction

as É

⇒ E. 3=1+-7 -KI = 11=4
t

u-it-ich- =
? =x75tzÑ

in E-die.-1in
= a

⑧
g.

E. ñdr = adr

=a⑧
,

do

=
a -

grf.reo-i-4TI.cn
= 44^3

.



1-

g. F-= G) + % (g) + ¥17 ) =3

ftp.E.ndr-fffp-sdv-3/SJpdV--3Volfsphr-
e)

=3 / ¥43)
= tryna

]

☒



In Rs :

scalar field f
p × f) =O

t " ""
"

"

"
" " "

"""" °
"

consent .H!)
vector field É

f 0×1=0 curl 7 . ⑨✗E) = 0
vector field §

"

divergence of tie cart
is 0
"

f- f.É divergence

scalar field g
←

co-part testD
Irrotational : P×É= 0
(curless)

( aka É conservative)

Ino-possible : f. É= 0
(dirge-Hess)

:

- Gradietis are irr.t-t.in. I

• curls are inexpressible


